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Abstract
We evaluate in detail the string scattering amplitude to compute different in-
teractions of two massless scalars, one tachyon and one closed string Ramond-
Ramond field in type II super string theory. In particular we find two scalar
field and two tachyon couplings to all orders of α′ up to on-shell ambiguity.
We then obtain the momentum expansion of this amplitude and apply this infi-
nite number of couplings to actually check that the infinite number of tachyon
poles of S-matrix element of this amplitude for the p = n case (where p is
the spatial dimension of a Dp-brane and n is the rank of a Ramond-Ramond
field strength ) to all orders of α′ is precisely equal to the infinite number of
tachyon poles of the field theory. In addition to confirming the couplings of
closed string Ramond-Ramond field to the world-volume gauge field and scalar
fields including commutators, we also propose an extension of the Wess-Zumino
action which naturally reproduces these new couplings in field theory such that
they could be confirmed with direct S-matrix computations. Finally we show
that the infinite number of massless poles and contact terms of this amplitude
for the p = n + 1 case can be reproduced by Chern-Simons, higher derivative
corrections of the Wess-Zumino and symmetrized trace tachyon DBI actions.
1 E-mail:ehatefi@ictp.it
1 Introduction
Dp-branes must be regarded as the sources of Ramond-Ramond (p+1)-form fields in type II
super string theories [1]. Their perturbative excitations should be understood as fundamen-
tal open string states on their world volume. More details can be found in [2, 3]. Having
taken into account N coincident D-branes, we must have U(N) non abelian symmetry [2].
Notice that the bosonic action was derived in [4, 5].
The low energy action representing D-branes’ dynamics defined as Born-Infeld action :
SBI = −Tp
∫
dp+1σ STr
(
e−φ
√
− det (P [Eab + Eai(Q−1 − δ)ijEjb] + λFab) det(Qij)
)
,
(1)
with
Eab = Gab +Bab , Q
i
j ≡ δij + iλ [Φi,Φk]Ekj, (2)
For more details see [4, 6]. Remember different couplings in this action for BPS branes have
been shown to be consistent with disk level amplitudes in super string theory [6, 7, 8, 9]. The
important point should be made is that derivatives of the field strength of the gauge field,
and the second and higher derivatives of the scalars must be embedded to this action(see
[7, 8]).
We should introduce the Wess-Zumino action as well. This action in the presence of
closed string RR field (showed by C)makes sense as follows [1, 10]
SWZ = µp
∫
STr
(
P
[
eiλ iΦiΦ(
∑
C(n))
]
eλF
)
. (3)
Note that we have set
Gµν = ηµν , Bµν = Φ = 0 (4)
so one may believe that we are working on flat space background. In our conventions
λ = 2πα′. We want to begin with non-supersymmetric D-branes in type II theory where p
is odd for IIA and even for IIB. In the spectrum of a non-BPS D-brane in type II theory,
there exists a tachyonic state (indicated by T ), a massless gauge field (showed by Aa) and
some massless scalars φi and some fermions (for example see [11]). All scalars might express
transverse oscillations of the brane.
Now the open string tachyon must be condensed to a kink to produce a stable Dp−1-
brane. To study brane production in detail see [12, 13, 14]. It is worth mentioning the
point that unstable branes first have been used in checking some duality conjectures [15].
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Based on some concrete points [16], one might expect that the effective theory of non-
BPS branes should involve tachyon and massless states within itself. Therefore the action
for non-BPS branes is constructed from two parts such that
Snon−BPS = SDBI + SWZ
Now tachyon must get involved in Dirac-Born-Infeld and Wess-Zumino effective actions.
Having done boundary string field theory (BSFT) method, we may talk about these effective
actions, see [17, 18] for further details. Due to some efforts [17, 18, 19] tachyons have
already been taken into account in the WZ effective action using the superconnection of
noncommutative geometry [20]. Concerning super connection [20], one can write down the
WZ action as follows
SWZ = µ
′
p
∫
Σ(p+1)
C ∧ STr ei2piα′F , (5)
where Σ(p+1) is the world volume, µ
′
p is the RR charge of branes. The curvature of super
connection first has been derived for brane anti brane system [21] then the method was
extended to include non-BPS branes [22] and it is obtained as
iF =
(
iF − β ′2T 2 β ′DT
β ′DT iF − β ′2T 2
)
,
One must emphasize that superconnection’s structure in the WZ action first has been
achieved with the direct S-matrix method as appeared in [19]. The tensor structure of this
object is such that the definitions of field strength of the gauge field and covariant derivative
of tachyon are
F =
1
2
Fabdx
a ∧ dxb , DT = (∂aT − i[Aa, T ])dxa (6)
where β ′ is a normalization tachyon which is constant with dimension (1/
√
α′)2. It is
shown that β ′ = 1
pi
√
6 ln(2)
α′
[23]. More consistency of the WZ action with other S-matrix
elements can be seen in [21, 23]. Applying the expansion for the exponential term in the
WZ action (5), one gets [22]
µ′p(2πα
′)C ∧ Str iF = 2β ′µ′p(2πα′)Tr (Cp ∧DT ) , (7)
µ′p
2!
(2πα′)2C ∧ Str iF ∧ iF = 2β ′µ′p(2πα′)2Tr (Cp−2 ∧DT ∧ F ) .
2
α
′ = l2
s
and ls becomes string length scale.
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To study the effective action of non-BPS branes we would like to proceed with the
second approach, which is the S-matrix formalism. In this method one must include kinetic
term of the tachyon in the DBI part [24]; however, due to considering internal degrees
of freedom or internal Chan-Paton factors belonging to non-BPS branes this action gets
modified [23, 25].
Morever, according to the S-matrix method, one subtlety around the unstable point of
the tachyon DBI does exist. To be more specific, all massless fields must carry an identity
internal CP matrix, while tachyon in the (0)-picture has to carry σ1 and it does carry the
CP matrix of σ2 in the (-1)-picture. Note also that the picture changing operator carries
σ3 internal CP matrix [26]. Notice that, this important point has not been confirmed yet
around the stable point of the tachyon action.
The outline of the paper is as follows. In section 3 we are going to compute in detail a
tree-level physically four point (technically five point) string scattering amplitude including
one RR, two scalar field and one tachyon vertex operators in the world volume of type II
super string theory. The world-volume theory might be rewritten in terms of an infinite
number of the derivatives of the fields as one of the main goals of the paper is indeed
obtaining those infinite numbers of the couplings between two tachyons and two scalar
fields to all orders of α′. Keeping in mind that once the world volume fields vary so slowly,
we must get the usual effective theory by reducing the higher derivative theories.
In section 4 we carry out the momentum expansion whose leading order terms must be
consistent with field theory. On the other hand, the rest of the terms which are non leading
terms must correspond to the higher derivative corrections of tachyon DBI and Wess-
Zumino effective actions. We conjecture that we found a unique momentum expansion
for all four point functions including one RR, one tachyon and two massless open strings
which can be either two gauge fields or two scalar fields. We guess this happens also in the
amplitude of one RR, one tachyon, one gauge field and one scalar field but it has not been
checked yet so we postpone it for future work [27]. In section 5 we talk about effective field
theory on the world volume of brane. In section 5.1 using symmetrized trace tachyon DBI
action we reproduce the first tachyon pole in field theory for p+ 1 = n case, where p is the
spatial dimension of a Dp-brane and n is the rank of a RR field strength.
To obtain the infinite number of tachyon poles for this case, one needs to know the
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higher derivative couplings of two scalar fields and two tachyons up to all orders of α′.
Applying the string computations and making use of some how T-duality transformation
in section 6 we find higher derivative couplings of two scalar fields and two tachyons up to
all orders of α′ within on-shell ambiguity. Then using the infinite number of the couplings
obtained in field theory we will show that the infinite number of tachyon poles of this S-
matrix element are exactly reproduced to all orders of α′. In section 7.1 we obtain all infinite
numbers of massless poles in field theory for p = n + 1 case. In order to get consistent
results between string theory and field theory we propose an extension of the Wess-Zumino
action and discover some sort of new couplings which could be confirmed by direct S-matrix
computations.
We also generate all infinite contact terms of this amplitude. Eventually we end up
with a discussion, mention our results, and give some hints for future directions. Appendix
A consists of some information about doubling trick in II super string theory, some useful
comments on conformal field theory propagators, and some correlation functions including
two spin operators and some number of fermion fields and/or currents. Appendix B includes
some useful integrals for five point functions. Let us address our notation.
µ, ν represent the entire space-time dimensions and µ, ν = 0, ..., 9 and a, b, c indices show
world-volume space a, b, c = 0, 1, ..., p and finally i, j indices indicate transverse space,i, j =
p+ 1, ..., 9.
2 Remarks on Scattering amplitude
The S-Matrix technique is a very important tool in super string theory to actually dis-
cover new couplings between mixed combinations of open and closed strings. Therefore
corrections in field theory might have been obtained in α′ by standard scattering amplitude
methods. To describe scattering of closed strings with open strings see [6, 28]. To observe
one of the important aspects of D-brane physics we refer the reader to [29]. In order to
follow the scattering argument and its applications, it is worth looking at[30].
2.1 Motivations
Pursuing scattering amplitudes has been one of the most active fields during the recent
years [31]. The (Britto,Cachazo,Feng and Witten) BCFW recursion relations were derived
by taking into account the fact that an n-point tree level amplitude is expressed in terms
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of the rational function of all external momenta. Thus by applying analytic continuation of
all momenta to an entire complex plane, the amplitude would be constructed by its poles.
Some more attempts have been made in [32, 33] which help one to realize which kinds of
theories should be determined by the BCFW relations.
The string BCFW relations have been investigated in [34, 35] for the scattering ampli-
tude of external open string tachyons.
Because of some kinematic reasons it is not possible to embed their efforts within our
formalism which is perturbative string calculations. We will notice these arguments in the
section of momentum expansion. In fact our computations make sense just in the presence
of a constant value of RR ’s momentum which is indeed pap
a → 1
4
, and it is going to be the
key point in our calculations.
The second motivation for studying unstable objects perhaps is realizing properties of
string theory in time-dependent backgrounds [36, 37]. Open string tachyons are showing us
the instability of the processes, which we are interested in. A. Sen in [38] has shown that
tachyon DBI action [39] might be able to represent decay non-BPS D-branes [40] around
the stable point of tachyon potential.
Another motivation to follow unstable branes is in fact studying spontaneous chiral
symmetry breaking in some holographic patterns in QCD [41]. In order to have a formal-
ism for inflation (of course in string theory), one may use D-brane anti D-brane effective
action[21] gets divided along an extra dimension [42]. In this formalism the brane sep-
aration has to play inflaton’s role. When this distance is smaller than the string scale,
the open strings stretching between them will become two real tachyon modes and they
may condense [43, 44, 45]. Indeed the negative energy density of the tachyon field which
is condensed cancels the positive energy density of the brane anti brane and gives us a
Dp−2-brane with a finite tension [46]. Then inflation ends and finally the energy of inflaton
will decay to the particles in the Standard model [47]. To follow some of the applications
of this action in cosmology references [48] may be worth referencing.
Having read the boundary conformal field theory (BCFT), some of the results such
as producing a pressure less gas with nonvanishing energy density at the end of tachyon
condensation [49] may be obtained from this action at the minimum of the tachyon potential.
Although the higher derivative terms might have a significant role at the top of the tachyon
potential, they have small effects at the minimum of the potential. Note that the higher
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derivative terms are not involved in the BSFT action. Thus, the action which was obtained
through S-matrix elements at the top of the potential may indeed represent the effective
action of string theory at the minimum of the tachyon potential. Notice that the action is
also consistent with T-duality rules.
On the other hand, the effective action for brane-antibrane [50] based on the S-matrix
elements computations is found in [21] to be
SDBI = −Tp
∫
dp+1σSTr
(
V (T )
√
− det(ηab + 2πα′Fab + 2πα′DaT DbT )
)
, (8)
STr means symmetric trace for all matrices including Fab, DaT and T in the potential.
To see more information and the explicit form of these matrices see [21]. The tachyon
potential that does make an exact result with S-matrix computations has an expansion as:
V (|T |) = 1 + πα′m2|T |2 + 1
2
(πα′m2|T |2)2 + · · · (9)
which is consistent expansion in comparing with the tachyon potential in BSFT which has
V (|T |) = epiα′m2|T |2 potential form [51]. It is also consistent with the sigma model effective
action [52]. Note that m2 is tachyon’s mass square and m2 = −1/(2α′).
Having expanded the square root, and renormalized 1
2
πT 2 → 2T 2, we get
S = −Tp e−T 2 (1 + 4α′DaTDaT + · · ·)
which is precisely the term coming from BSFT action suggested in [53] .
Therefore using the S-matrix method, we are able to find out either tachyon action
around the unstable point of non-BPS D-branes or D-brane anti D-brane where the higher
derivatives of tachyon are indeed important. So not only is it really interesting to study
them but also worth it to obtain their general form to all orders of α′.
The existence of the coupling Tr (Cp−2 ∧ F ∧DT ) has already been checked in [23] by
working out in detail the disk level S-matrix element of one RR field, one tachyon and two
gauge fields in the world volume of a single non-BPS brane. In this paper among other
things, we find some new contact interactions of the form Tr (Cp−2 ∧ DT ∧ Dφi ∧ Dφi) ,
Tr (Cp ∧ DTφiφi), Tr (∂a0T [Φi,Φj])C(p+2)jia1···ap(εv)a0···ap and some other couplings which can
be confirmed just by S-matrix computations and fix their coefficients using the S-matrix
elements of one RR field, one tachyon and two scalar fields.
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3 The Scattering amplitude between one closed string
RR, two scalar fields and one tachyon
By making use of the conformal field theory techniques, we might carry out the string
scattering amplitude to find out all couplings of one closed string RR field in the bulk to
two open string scalar fields and one open string tachyon on the world-volume of a single
non-BPS D-brane with flat empty space background. To compute a S-matrix element, one
must fix the picture of the vertex operators .
Knowing the fact that the total super ghost charge for disk level amplitude must be -2 ,
we will choose the vertex operators accordingly. Concerning string duality, we map the disk
to the upper half plane thus the boundary of the disk becomes the real axis. Therefore, the
closed string vertex operator should be inserted at the middle and all open string vertex
operators must be put at the boundary of the disk world-sheet. It is fair to say that some
efforts in order for obtaining the string scattering amplitudes at tree level in both BPS and
non BPS formalism have been made [6, 7, 8, 9, 19, 21, 23, 54]. The external states will be
appeared in our amplitude as the following:
tachyon T, k3,
transverse scalars : Φi1, k1,
Φj2, k2,
RR (p+ 1)−form : Cp+1, p .
We also define
s = −α
′
2
(k1 + k3)
2, t = −α
′
2
(k1 + k2)
2, u = −α
′
2
(k2 + k3)
2. (10)
Applying momentum conservation along the world volume of the brane, we get the
following relation
s+ t+ u = −papa − 1
4
. (11)
Remember the fact that the vertex operators of a non-BPS D-brane must carry internal
degrees of freedom or the internal Chan-Paton(CP) matrix [11]. In the other words in order
to distinguish the form of closed string vertex operators of non BPS branes from their form
in the brane-antibrane system an internal CP matrix is needed. By setting tachyon to
zero, we may conclude that both the effective field theory of brane-antibrane and non-BPS
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branes must be reduced to effective field theory of just BPS branes. Therefore we come
to the key point which is imposing an identity internal CP matrix for all massless fields in
both brane-antibrane and non-BPS branes’ formalism.
As an example, the RR field in effective theory of brane-antibrane does include an
identity matrix. This is related to the fact that by setting tachyon to zero the Wess-Zumino
action of brane-antibrane does go back to the Wess-Zumino action of two BPS branes. We
devote this identity internal CP matrix to RR, gauge field and scalar field vertex operators
in the (0)-picture. In [26] it has been shown that the picture changing operator does carry
internal CP matrix σ3 and so in the (-1)-picture, the internal CP matrix of RR vertex
operator in the brane-antibrane system and gauge and scalar (in both non-BPS brane and
brane-antibrane system) is not identity any more and in fact it is σ3.
Notice that in non-BPS branes, there must be an extra factor of σ1 in the RR vertex
operator [11, 22], so the RR vertex operator of a non-BPS brane in the (0)-picture must
involve the internal CP matrix σ1. We are going to address this CP matrix to tachyon
vertex operator in (0)-picture as well. Therefore by applying the picture changing operator
to RR in the (0)-picture we reach the point that RR vertex operator in the (-1)-picture
in the non-BPS formalism has to carry the internal matrix σ3σ1. Finally by the same
argument we conclude that the internal CP matrix of the tachyon in the (-1)-picture is σ2.
Thus, the S-matrix element of one RR field, two scalar fields and one tachyon in the
world volume of a single non-BPS D-brane in super string theory may be given with :
AφφTC ∼ ∑
non−cyclic
∫
dx1dx2dx3dzdz¯ 〈V (0)φ (x1)V (0)φ (x2)V (0)T (x3)V (−2)RR (z, z¯)〉, (12)
The internal CP factor is Tr (σ1IIσ1) = 2 for all permutations of the scalar fields. Note
that in the non-BPS system both the Ramond-Ramond and tachyon in the (-2)-picture do
carry σ1 internal CP matrix and this is related to the point that the amplitude of CTA
makes sense in the world volume of non-BPS branes. However by taking into account the
amplitude of CTT in the world volume of brane-antibrane one comes over to the CP factor
of RR in the (-2)-picture as the identity CP matrix in this system. It is indeed so easy to
compute this amplitude by putting the RR and tachyon in the(-1)-picture so that
AφφTC ∼ ∑
non−cyclic
∫
dx1dx2dx3dzdz¯ 〈V (0)φ (x1)V (0)φ (x2)V (−1)T (x3)V (−1)RR (z, z¯)〉. (13)
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The CP factor now becomes Tr (σ3σ1IIσ2) = 2i for 123 and 132 orderings. Thus to investi-
gate the S-matrix element (12), which is much more difficult than (13), we do computations
of the amplitude of (13) and finally multiply a coefficient of (−i) in the final result.
In general the form of vertex operators in (13) is written down as 3
V
(−1)
T (y) = e
−φ(y)e2ik·X(y)λ⊗ σ2,
V
(0)
φ (x) = ξi
(
∂X i(x) + 2iq·ψψi(x)
)
e2iq.X(x)λ⊗ I,
V
(−1)
RR (z, z¯) = (P−H/ (n)Mp)
αβe−φ(z)/2Sα(z)e
ip·X(z)e−φ(z¯)/2Sβ(z¯)e
ip·D·X(z¯) ⊗ σ3σ1,
V −2φ (x) = e
−2φV 0φ (x),
where k, q, p are the momenta of tachyon, scalar field and closed string RR field accord-
ingly. Notice that the momentum of open strings has to be constrained to be inside of the
world volume. The on-shell condition for the tachyon is k2 = 1
2α′
and for the RR and scalar
it is p2 = q2 = 0. The physical state condition for the massless scalar and RR is k.ξ = 0 and
pµi ǫiµµ3...µn = 0. Also λ must be regarded as an external CP matrix which should be in the
U(N) gauge group. The definition of projection operator is P− = 12(1 − γ11). Throughout
of the paper we work with the full 32× 32 Dirac matrices in ten dimensions of space-time.
The definition of the RR field strength is
H/ (n) =
an
n!
Hµ1...µnγ
µ1 . . . γµn ,
with n = 2, 4 for type IIA and n = 1, 3, 5 for type IIB. an = i for IIA and an = 1 for
IIB theory. The spin indices must be raised with the charge conjugation matrix such that
(P−H/ (n))αβ = Cαδ(P−H/ (n))δβ
In order to deal with standard holomorphic conformal field theory propagators on the
boundary of world sheet we might use the doubling trick (see Appendix A for more details).
Implementing this trick, we are allowed to use just the standard correlators for the world-
sheet fields Xµ, ψµ, φ as follows
〈Xµ(z)Xν(w)〉 = −ηµν log(z − w),
〈ψµ(z)ψν(w)〉 = −ηµν(z − w)−1 ,
〈φ(z)φ(w)〉 = − log(z − w). (14)
3In string side, we used to set α′ = 2.
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We refer the interested reader to see Appendix A of the paper for applying the doubling
trick, for working out with the standard holomorphic correlators, and for finding various
correlation functions including spin operators, fermions and currents .
Note also that to simplify our computations we introduce x4 ≡ z = x + iy and x5 ≡
z¯ = x− iy, thus the amplitude for 123 ordering will be written as
AφφTC ∼
∫
dx1dx2dx3dx4dx5 (P−H/ (n)Mp)αβξ1iξ2jx
−1/4
45 (x34x35)
−1/2(I1 + I2 + I3 + I4)
×Tr (λ1λ2λ3)Tr (IIσ2σ3σ1), (15)
with xij = xi − xj and
I1 = <: ∂X
i(x1)e
2ik1.X(x1) : ∂Xj(x2)e
2ik2.X(x2) : e2ik3.X(x3) : eip.X(x4) : eip.D.X(x5) :>
×<: Sα(x4) : Sβ(x5) :>,
I2 = <: ∂X
i(x1)e
2ik1.X(x1) : e2ik2.X(x2) : e2ik3.X(x3) : eip.X(x4) : eip.D.X(x5) :>
×<: Sα(x4) : Sβ(x5) : 2ik2bψbψj(x2) :>,
I3 = <: e
2ik1.X(x1) : ∂Xj(x2)e
2ik2.X(x2) : e2ik3.X(x3) : eip.X(x4) : eip.D.X(x5) :>
×<: Sα(x4) : Sβ(x5) : 2ik1aψaψi(x1) :>,
I4 = <: e
2ik1.X(x1) : e2ik2.X(x2) : e2ik3.X(x3) : eip.X(x4) : eip.D.X(x5) :>
×<: Sα(x4) : Sβ(x5) : 2ik1aψaψi(x1) : 2ik2bψbψj(x2) :>.
Concerning the correlators corresponding to bosonic fields in Appendix A, one could
compute all correlators of X . To find out the correlator of world sheet fermions (ψs) with
two spin operators (coming from RR sector), we may use Wick-like rule [21, 55] (see also
Appendix A).
Wick-like rule might be also generalised to obtain the correlation function of two spin
operators and a number of currents and fermion fields [6].
There are two subtleties in applying the formula ( 2) for currents. The first one is that
one should not take into account the Wick-like contraction for two fermion fields within
one current. The second one is that one has to pay attention to all minus signs which are
coming from fermion propagators once we want to write down Wick-like contraction of two
fermion fields in which they belong to two different currents [6]. This point is playing the
key role in all straightforward but tedious computations. Considering those issues, one gets
the old results in the presence and absense of current as they have already been checked in
[23].
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When there are two currents, the formula ( 2) gives a more complicated result. However,
here there is no correlation between the transverse fields and world volume fields so we end
up some how with simple result as follows
I ′4 = <: Sα(x4) : Sβ(x5) : ψ
aψi(x1) : ψ
bψj(x2) :> (16)
=
1
4
x
3/4
45 (x14x15x24x25)
−1
{
(ΓjbiaC−1)αβ + 2
Re[x14x25]
x12x45
[
ηab(ΓjiC−1)αβ + ηij(ΓbaC−1)αβ
]
+4
(
Re[x14x25]
x12x45
)2
(−ηabηij)C−1αβ
}
,
Having performed the X correlators and replacing (16) in (15), one may write the amplitude
as
AφφTC ∼
∫
dx1dx2dx3dx4dx5(P−H/ (n)Mp)
αβIξ1iξ2jx
−1/4
45 x
−1/2
34 x
−1/2
35
×
(
x
−5/4
45 C
−1
αβ (−ηijx−212 + ai1aj2) + ai1(aj3)αβ + aj2(ai4)αβ − 4k1ak2bI ′4
)
, (17)
where I ′4 is given in (16) and
I = |x12|4k1.k2|x13|4k1.k3|x14x15|2k1.p|x23|4k2.k3|x24x25|2k2.p|x34x35|2k3.p|x45|p.D.p,
ai1 = −ipi
(
x45
x14x15
)
,
aj2 = −ipj
(
x45
x24x25
)
,
(aj3)αβ = ik2bx
−1/4
45 (Γ
jbC−1)αβ(x24x25)−1,
(ai4)αβ = ik1ax
−1/4
45 (Γ
iaC−1)αβ(x14x15)
−1. (18)
As the first check of our computations, the amplitude is now invariant under SL(2,R)
transformations. One may try to cancel the volume of the conformal Killing group by
fixing the positions of the three open strings. So to set gauge fixing of this symmetry we
used to fix the position of the open strings as
x1 = 0, x2 = 1, x3 →∞, dx1dx2dx3 → x23
Note that different fixing for position of open strings will give rise to different ordering in the
boundary of the world-sheet. One might consider all noncyclic permutations of the vertices
to get the correct scattering amplitude. However, for our purpose which is comparing
string theory S-matrix elements with field theory S-matrix elements, it is really sufficient to
consider the S-matrix element with just the factor of Tr (λ1λ2λ3). After fixing the SL(2, R),
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one ends up with one double integral which can be performed. Now the integrals are given
in terms of the three Mandelstam variables. For the integrals see Appendix B of the paper.
Applying these integrals and making use of several identities one can eventually read off
the amplitude (17) as the following :
AφφTC = A1 +A2 +A3, (19)
where
A1 ∼ 2iTr (λ1λ2λ3)L1
{[
− ξ1iξ2jk1ak2bTr (P−H/ (n)MpΓjbia)− pipjξ1iξ2jTr (P−H/ (n)Mp)
+ξ1iξ2jp
ik2bTr (P−H/ (n)MpΓ
jb) + ξ1iξ2jp
jk1aTr (P−H/ (n)MpΓ
ia)
]
(−t− s− u− 1
2
)
+ξ1.ξ2Tr (P−H/ (n)Mp)
(
1
2
(u+
1
4
)(s+
1
4
)
)}
,
A2 ∼ −2iTr (λ1λ2λ3)L2
{
2k1ak2bξ1.ξ2Tr (P−H/ (n)MpΓ
ba)
}
,
A3 ∼ −2iTr (λ1λ2λ3)L2
{
− tTr (P−H/ (n)MpΓji)ξ1iξ2j
}
. (20)
The functions L1, L2 are :
L1 = (2)
−2(t+s+u)π
Γ(−u+ 1
4
)Γ(−s+ 1
4
)Γ(−t + 1
2
)Γ(−t− s− u− 1
2
)
Γ(−u− t+ 3
4
)Γ(−t− s+ 3
4
)Γ(−s− u+ 1
2
)
,
L2 = (2)
−2(t+s+u)−1π
Γ(−u+ 3
4
)Γ(−s + 3
4
)Γ(−t)Γ(−t− s− u)
Γ(−u− t + 3
4
)Γ(−t− s+ 3
4
)Γ(−s− u+ 1
2
)
.
Note that all terms including transverse momentum of closed string pi, pj are absent in
the amplitude of one RR, two gauge field and one tachyon vertex operators [21]. For their
interpretations see section 4 of [8]. Now in order to compare the amplitude of (19) with
field theory, we are going to expand (19) to actually produce all infinite number of tachyon
and gauge poles . We postpone the expansion to the next section.
Because of the presence H/ (n) and Γ
ba, one believes that the amplitude is non zero for
p = n− 1, p = n− 3 and p = n+ 1 cases. Taking a look at the poles in Gamma functions,
one will observe that the amplitude for p = n+ 1 has an infinite number of massless poles
and so many contact interactions .
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For the case of p = n − 1, the amplitude has an infinite number of tachyon poles/contact
terms. Whereas, for p = n − 3 case, there are neither tachyon nor massless poles so the
amplitude does include just an infinite number of contact terms. Now one may ask how
to expand this amplitude such that the leading terms of the amplitude correspond to the
effective actions and non leading terms in our amplitude do belong to the higher derivative
terms in the effective actions.
In the next section, concerning momentum conservation along the world volume of
brane, sending one Mandelstam variable (t) to zero and sending the other two ones to mass
square of tachyon, we conjecture a unique expansion for all four point functions including
one RR, massless fields and tachyon. In particular, we will see that massless pole shows
that the kinetic term of the scalar field has no higher derivative correction as it has already
been set in DBI action.
4 Remarks on momentum expansion
The momentum expansion of the amplitude must be achieved by working out in detail either
the tachyon or massless pole of field theory. Tachyon action has U(N) gauge symmetry so
one might search a unique expansion for all four point functions including one RR, massless
fields and tachyon. To discover this expansion, we must remember the fact that transverse
scalar field and tachyon of D8-brane transform in the adjoint representation of U(N) group.
Therefore one may conclude that both of them should have the same non-abelian kinetic
term, as it is the case. Note that their Feynman diagrams (taking their kinetic term into
account) are also equal.
Recalling the relation between Mandelstam variables and the momentum of RR field (11),
one does believe this on-shell constraint does not permit us to send all s, t, u to zero.
Once more note that all on-shell conditions imply that the RR field must be non-zero, i.e.,
pap
a → 1/4. Thus we come to the point that computations make sense just for the non-BPS
euclidean SD-brane. Hence, once more due to some kinematic reason [23, 56] the S-matrix
method must be used to confirm all Wess-Zumino couplings only in the presence of non-
BPS SD-branes [36]. It is worth to talking about on-shell condition for RR ’s momentum
as follows:
pip
i + pap
a = 0
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For the definition of SDp-brane see [22]. Having used the kinematic relation (11), in
which the Mandelstam variables are satisfied, one can precisely reproduce all leading terms
of the expansion with making use of the tachyon action. Concerning the fact that these
relations involve the mass of tachyon, one really believes that the tachyon potential should
include tachyon mass as well.
There are two different assumptions in order to get the correct momentum expansion of
a S-matrix element which are either (ki+kj)
2 → 0 or ki·kj → 0. The case (ki+kj)2 → 0 so
happens once we encounter a simple massless pole in (ki+kj)
2-channel. Applying this fact,
we understand that our amplitude (CφφT ) just has a simple massless pole in (k1 + k2)
2-
channel. Thus the correct momentum expansion in accord with the above argument must
be done around
k3.k1 → 0, k3.k2 → 0, (k1 + k2)2 → 0, (21)
Now we may use on-shell relations k21 = k
2
2 = 0 and k
2
3 = 1/4, to rewrite (21) as
s→ −1/4, u→ −1/4, t→ 0, (22)
Therefore as it is clear, because of tachyon pole, the expansion is not usual α′ expansion
any more. So tachyon and massive modes will be decoupled. Our main goal is to find out
new couplings for which precisely reproduce all terms of the expansion.
Regarding above remarks, the expansion of the function L1 around (22) is
L1 = −π5/2
( ∞∑
n=0
cn(s
′ + t+ u′)n +
∑∞
n,m=0 cn,m[(s
′)n(u′)m + (s′)m(u′)n]
(t+ s′ + u′)
+
∞∑
p,n,m=0
fp,n,m(s
′ + t+ u′)p[(s′ + u′)n(s′u′)m]
)
, (23)
Note that the structure of contact interaction terms in (23) is not the same. Hence, we
believe contact terms in the second line of (23) are related to different couplings as we
will derive them in the field theory side as well. They were corresponding to different field
theory couplings. The expansion of the function L2 around (22) is
L2 = −π3/2
(
1
t
∞∑
n=−1
bn(u
′ + s′)n+1 +
∞∑
p,n,m=0
ep,n,mt
p(s′u′)n(s′ + u′)m
)
. (24)
where in the above relations we have considered u′ = u + 1
4
= −α′k2.k3 and s′ = s + 14 =
−α′k1.k3. One important point that should be made is that all bn coefficients are the same
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as those appeared in the momentum expansion of the amplitude of one RR, three massless
open string vertex operators for BPS branes [6, 7, 8]. Let us write some of them down
b−1 = 1, b0 = 0, b1 =
1
6
π2, b2 = 2ζ(3),
e2,0,0 = e0,1,0 = 2ζ(3), e1,0,0 =
1
6
π2, e1,0,2 =
19
60
π4, e1,0,1 = e0,0,2 = 6ζ(3),
e0,0,1 =
1
3
π2, e3,0,0 =
19
360
π4, e0,0,3 = e2,0,1 =
19
90
π4, e1,1,0 = e0,1,1 =
1
30
π4, (25)
c0 = 0, c1 =
π2
3
, c2 = 4ζ(3), c1,1 =
π2
3
, c0,0 = 1, c3,1 = c1,3 =
4π4
15
, c2,2 =
2π4
15
,
c1,0 = c0,1 = 0, c3,0 = c0,3 = 0 c2,0 = c0,2 =
π2
3
, c1,2 = c2,1 = −8ζ(3),
f0,1,0 = −2π
2
3
, f0,2,0 = −f1,1,0 = 12ζ(3), f0,0,1 = 4ζ(3) c4,0 = c0,4 = 2π
4
15
,
However, some of the coefficients, in particular cn,m are different from those that ap-
peared in [6] because the expansions are not the same. For the amplitude of CAAA the
expansion was low energy expansion while here the expansion is not low energy expansion
even though apparently they do have the same structure. We will see that these coefficients
play a key role in confirming the infinite number of tachyon poles in string theory. Now it
becomes clear that L1 has an infinite number of tachyon poles in s
′ + t + u′-channel and
L2 has an infinite number of massless poles in t-channel. These poles must be reproduced
in field theory by well defined couplings. In the next section, we talk about effective field
theory, then we try to produce the first simple tachyon pole within field theory context,
then we go on to find all of the infinite numbers of the couplings between two scalar fields
and two tachyons to all orders of α′, which can be approved just by S-matrix computations.
5 Effective Field Theory on the World-Volume
On-shell states in our amplitude are in fact open string tachyon and scalar fields which are
coming from DBI action and the closed string RR field which is coming from the Wess-
Zumino action. One may wonder whether there could be an off-shell gauge field in our
amplitude. We confirm its existence in the field theory side. We are also working in flat
background. Applying square root expansion mentioned in [6] we could find non abelian
kinetic terms as
L = −Tp(πα′)Tr
(
m2T 2 +DaTD
aT − (πα′)FabF ba
)
, (26)
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In order to actually have gauge field and tachyon propagators we need to keep them as well.
On the other hand, the scalar fields have geometrical meaning which represent transverse
coordinates of the brane in effective theory.
One has to mention that scalars have U(N) gauge symmetry and they have to be in the
adjoint representation. In general scalars do appear in the effective action in three different
ways and we now list them .
In the first way, they have been confirmed in Wess-Zumino action in its exponential (3).
So our notation is as follows
iΦiΦC
(n) =
1
2(n− 2)! [Φ
i,Φj ]C
(n)
jiµ3···µndx
µ3 · · · dxµn , C(n) = 1
n!
C(n)µ1···µndx
µ1 · · · dxµn (27)
In the second way, we will have the covariant derivatives of the non abelian scalar fields
in pullback as follows
P [E]ab = Eab + λEaiDbΦ
i + λEibDaΦ
i + λ2EijDaΦ
iDbΦ
j , (28)
In the last way,the metric will be given by a non-abelian Taylor expansion as
Gµν = exp
[
λΦi ∂xi
]
G0µν(σ
a, xi)|xi=0
=
∞∑
n=0
λn
n!
Φi1 · · ·Φin (∂xi1 · · ·∂xin )G0µν(σa, xi)|xi=0 . (29)
Hence, one might reveal that the action does involve all transverse derivatives of the
closed string RR fields within Taylor expansion.
The existence of the scalar fields in pullback [57] and the functional dependence [58] have
already been addressed. Here we would like to establish the explicit existence of the commu-
tator interactions of scalar fields even to tachyon in Wess-Zumino action. Another ambitious
goal is to obtain some sort of new couplings which will be investigated by honest string
scattering computations which will be explained in the section of contact terms. In order
to actually have some non trivial couplings, we have to have at least three kinds of open
string states and a single closed string state. One may point out that the leading terms for
scalar fields could have been found from Born-Infeld action as
− λ2Tp
∫
dp+1σTr
(
1
2
DaΦiDaΦ
i − 1
4
[Φi,Φj][Φi,Φj ]
)
, (30)
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One more thing which is really worth saying is that pullback of closed string fields must
be defined in the static gauge. Also notice that in the pullback we must have covariant
derivatives of non abelian scalars as
P [ηab] = ηab + 2πα
′Daφ
iDbφ
jηij .
The first term in (30) is indeed non abelian kinetic term of scalar fields which can be
regarded as a reduction of F 2 in ten dimensions.
Within our conventions, DaΦ
i = ∂aΦ
i+ i[Aa,Φ
i]. Note that the non abelian scalar field
theory now does involve the interactions with even gauge fields, which are either inside
of three-point function Tr (∂aΦi [Aa,Φ
i]) or four-point function Tr ([Aa,Φi][Aa,Φ
i]). So we
expect from the field theory point of view, Feynman diagrams in which two open scalars
may scatter to give an off-shell gauge field which is going to be absorbed by a lower order
RR coupling (in the bulk) and one external tachyon in the world volume space. This does
happen for p = n + 1 case. Thus we will see in field theory this diagram is responsible
for an infinite number of massless gauge poles indicating in the string amplitude. We also
determine all their contact terms .
Notice the fact that due to the appearance of unusual kinematics and the mass of tachyon
we are not able to derive our amplitude from an usual five-point open string amplitude.
That is why we have done the computations of this amplitude directly, which are indeed
more sophisticated than five-point pure open string amplitude .
5.1 p = n− 1 case
Having set the usual Chern-Simons action, it seems that there is no coupling between RR
fields of the type II string theory and the non-BPS D-branes. However, one must point
out that there is a nonvanishing coupling between the RR field and one tachyon on the
world-volume of these branes, such that the Chern-Simons action was modified in [56] to
be responsible for this coupling.
In this section we would like to obtain the first tachyonic pole of the amplitude for
p = n − 1 case and then we proceed to discover an infinite number of higher derivative
corrections that are related to two tachyons and two scalar fields. In order to show that
our proposal for these infinite numbers of couplings works we use these couplings to check
the infinite number of tachyon poles of the amplitude for p = n− 1 case later on. Finally
we will consider all contact terms together. Only the last term in A1 in (19) is related to
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singular terms. Therefore for this case the trace is:
Tr
(
H/ (n)Mp
)
= ±32
n!
ǫa0···apHa0···ap ,
Note that the trace also does involve the factor of γ11 and keeps held the following results
for p > 3 with H(n) ≡ ∗H(10−n) for n ≥ 5. Replacing this trace in the last term of A1, one
gets
AφφTC = ∓32i
(p+ 1)!
(β ′µ′pπ
1/2)Tr (λ1λ2λ3)ǫ
a0···apHa0···apL1
{
1
2
(ξ1.ξ2)(u+
1
4
)(s+
1
4
)
}
(31)
where (β ′µ′pπ
1/2) is a normalization factor. As it is clear (31) is symmetric under changing
massless scalar fields, therefore the amplitude is non-zero even for the abelian gauge group.
Notice that we do not want to fix the sign of the amplitudes.
It is seen that (31) has an infinite number of tachyon poles in the (s′ + t + u′)-channel
and does include an infinite number of contact terms. In the next section we would like to
show that just the first tachyon pole in (31) will be reproduced by applying the symmetric
trace prescription of tachyonic DBI action. However, in order to be able to produce an
infinite number of tachyon poles of the desired amplitude up to all orders of α′, one must
find an infinite number of higher derivative corrections of two scalar fields and two tachyons.
Making use of their explicit forms and extracting the vertex of two on-shell scalars, one
tachyon and one off-shell tachyon in the world-volume theory of N coincident non-BPS
branes, we will be able to produce all infinite number of tachyon poles in (31) in a precise
manner.
5.2 First Tachyon pole for p = n− 1 case
Here we are going to mention the general form of tachyonic action [25, 23] as the following:
SDBI = −Tp
2
∫
dp+1σSTr

V (TiTi)
√
1 +
1
2
[Ti, Tj ][Tj , Ti]
×
√
− det(ηab + 2πα′Fab + 2πα′DaTi(Q−11 )ijDbTj)
)
, (32)
where the tachyon potential appeared in (9) and
Q1ij = Iδij − i[Ti, Tj], (33)
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We must take into account the fact that the trace in the action is totally symmetric between
Fab, DaT
i, [T i, T j] and T i inside the potential V (T iT i).
One can write down V (T ) around its maximum which is Tmax = 0 so that
V (T ) = 1− π
2
T 2 +
π2
8
T 4 +O(T 6) . (34)
As observed with A.Sen ’s conjecture the coefficient of T 4 is a consistent result which
indicates that the tachyon potential has a minimum [44, 59]. Therefore one can see that
by neglecting O(T 6) terms, V (T ) does have a minimum at Tmin =
√
2/π, where the value
of the potential at its minimum is V (Tmin) = 0.5.
So we conclude that V (Tmin) is now non zero; however, at real stable vacuum the value
of the potential must be zero so V (Tmin) = 0.5 means that one must consider the higher
order O(T 6) terms in the potential. The other point we want to make is that, A.Sen showed
that the minimum of the potential is at Tmin → ∞, and V (T ) has exponential behaviour
just like e−
√
piT around its minimum [40].
However within our formalism we want to study this action around the unstable point
T = 0 and around T → ∞ just the second term in (34) is dominant. Thus, above action
does reduce to usual action with potential T 4V (T 2) and at T → ∞ this potential tends
to zero. This is already expected from tachyon condensation for a single non-BPS brane.
To check the consistency (32) with some disk level amplitudes in super string theory see
[21, 25] .
Applying the expansion of the square root of determinant
√
det(M0 +M) [6] and making
use of both actions (1) and (32), one gets various interactions. However, we are interested in
considering two scalar and two tachyon couplings thus we will have the following couplings:
L(φ, φ, T, T ) = −2Tp(πα′)3STr
(
m2T 2(Daφ
iDaφi) +
α′
2
DαTDαTDaφ
iDaφi
−α′DbTDaTDaφiDbφi
)
. (35)
Note that in the above couplings one tachyon has to be off-shell and the external states
are two scalars and one tachyon in which they must carry their own momentum. That is
why the coupling 1
4piα′
[X i, T ][Xi, T ] has been over looked. One more point to mention is
that after averaging all possible permutations in (35) one has to take also an overall trace
on the group theory. We want to obtain the higher derivative couplings of the two scalars
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and two tachyons and then investigate that these terms reproduce an infinite number of
tachyon poles in the amplitude, and finally we end up with some new couplings which can
be confirmed just by direct scattering amplitude computations.
Because of the fact that propagator is Abelian, we need to consider two possible order-
ings in order to get Tr (λ1λ2λ3) ordering. Having written down symmetric traces in terms
of ordinary traces, one can essentially find out the terms (L0,01 +L
0,0
2 +L
0,0
3 +L
0,0
4 ) such that
L = −2Tp(πα′)3(L0,01 + L0,02 + L0,03 + L0,04 ), (36)
where
L0,01 =
−4m2
π2
Tr
(
a0,0(T
2Daφ
iDaφi) + b0,0(TDaφ
iTDaφi)
)
,
Lnm2 =
−4
π2
Tr
(
a0,0(D
αTDαTDaφ
iDaφi) + b0,0(D
αTDaφ
iDαTD
aφi)
)
,
Lnm3 =
4
π2
Tr
(
a0,0(D
βTDµTD
µφiDβφi) + b0,0(D
βTDµφiDµTDβφi)
)
,
Lnm4 =
4
π2
Tr
(
a0,0(D
βTDµTDβφ
iDµφi) + b0,0(D
βTDβφ
iDµTDµφi)
)
. (37)
with a0,0 =
−pi2
6
, b0,0 =
−pi2
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. Let us mention the useful relation STr (T 2LL) = 2
3
Tr (TTLL)+
1
3
Tr (TLTL). Thus the first tachyon pole of the amplitude (31) may be found as
A = Vα(Cp, T )Gαβ(T )Vβ(T, T3, φ1, φ2), (38)
The tachyon propagator and the vertex Vα(Cp, T ) which have no higher derivative correction
might be appeared as
Gαβ(T ) =
iδαβ
(2πα′)Tp(−k2 −m2) ,
V α(Cp, T ) = 2iµ
′
pβ
′(2πα′)
1
(p+ 1)!
ǫa0···apHa0···apTr (Λ
α). (39)
α, β are group indices. Note that in (39), Tr (Λα) is nonzero just for Abelian matrix Λα.
The vertex V β(T, T3, φ1, φ2) can be derived from (36). Recalling that off-shell tachyon must
be Abelian, one gets
V β(T, T3, φ1, φ2) = 4iTp(π
3α′)(α′)2Tr (λ1λ2λ3Λβ)
[
1
2
(ξ1.ξ2)(u+
1
4
)(s+
1
4
)
]
, (40)
Note that in order to obtain this vertex we have to consider all two group factors of
Tr (λ3Λ
βλ1λ2) and Tr (Λ
βλ3λ1λ2).
20
However, the other terms will have the contribution of Tr (λ2λ1λ3Λ
β) to (40). Having
replaced (40) in the Feynman amplitude (38), we get the following result in the field theory
side:
−64iπ3β ′µ′p
ǫa0···apHa0···ap
(p+ 1)!(s′ + t+ u′)
Tr (λ1λ2λ3)
[
(ξ1.ξ2)
1
2
u′s′
]
. (41)
Notice that we just considered the first tachyon pole of L1, which had the coefficient of 2π
5
2 .
Thus symmetrized trace prescription of tachyonic DBI action could precisely reproduce the
first tachyon pole of string theory amplitude. How can we produce the other tachyon poles?
In detail below we obtain all couplings between two tachyons and two scalars to all orders
in α′ and then use them we produce all infinite numbers of tachyon poles for p = n−1 case
in the field theory side as well.
6 Two scalar and two tachyon couplings up to all or-
ders of α′
It is known the higher derivative corrections do have some kind of field redefinition freedom.
Therefore we may be able to pick this freedom up and relate it to some couplings in field
theory. For example we can relate (α′)3 terms to the couplings that involve ∂∂∂T and so
on.
It is indeed an interesting issue to find out these higher derivative terms for all orders
of α′ which is one of the main goals of the paper.
A precise method for obtaining the general form of higher derivative theories is indeed
studying in detail the S-matrix method. Using this method one first has to find S-matrix
elements of the desired theory and then try to compare them with the S-matrix elements
of super string theory. If these higher derivative terms are equal with the string theory,
then their S-matrix elements must be the same with the momentum expansion of the S-
matrix elements of string theory. Therefore, in order to get those couplings, we should
look for S-matrix elements and try to expand them in such a way that the correct higher
derivative couplings are discovered in field theory. As an example, in order to get the S-
matrix elements of two real tachyons and one closed string RR field, the following higher
derivative couplings in brane-antibrane must be taken into account:
2iα′µp
∞∑
n=0
an
(
α′
2
)n
Cp−1 ∧ (DaDa)n(DT ∧DT ∗). (42)
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For more information see [21, 60].
However, for four and five-point functions, it is really a complicated task to find higher
derivative corrections. Let us address an issue. The S-matrix elements of tachyons might
not have definite physical meaning; nevertheless, if the two theories are equal then we
believe that the string theory S-matrix elements must be reproduced just by their higher
derivative couplings.
One important point on tachyonic action is that it produces just leading terms of S-
matrix elements at the top of tachyon potential (not α′ → 0 limit). Therefore we may
expect already that the other terms of expansion really have important effect. So one
concludes that in field theory effective action must have all those higher derivative terms
as well. Let us come to our main point.
In this section we would like to obtain the infinite number of the couplings between two
scalars and two tachyons in order to reproduce the string theory S-matrix elements to all
orders of α′.
Here we just mention our method for finding the higher derivative extensions of the
above couplings (37). Two important points are worth mentioning. The first point is that
the kinematic factor in the amplitude of two tachyons and two scalar fields, is the vertex
of two on-shell tachyons and two on-shell scalar fields of (37) and the second point is that,
the coefficient of all higher order terms in the amplitude of two tachyons and two scalar
fields is exactly the vertex of two tachyons and two scalars. Thus we might find out the
higher derivative couplings by acting suitable higher derivatives on these couplings (37).
Each term in the above couplings has the coefficient a0,0 and b0,0. In the higher derivative
orders one must substitute them by an,m and bn,m. For further details see [6, 7, 8, 23, 60].
Concerning T-duality transformation, one may expect that the higher derivative cou-
plings of two scalar fields and two tachyons might be similar to the higher derivative cou-
plings of two gauge fields and two tachyons. To realize the differences for gauge and scalar
field see section 5 of [6] .
Because of two important facts one may try to apply the general form of T-duality
transformation to discover higher derivative couplings two scalar fields and two tachyons
on the world volume of N non-BPS D-branes, to all orders of α′ and then precisely fix their
coefficients comparing with S-matrix elements.
Let us make some comments. The first comment is that the Mandelstam variables
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for the amplitudes of TTφφ and TTAA must satisfy the same constraint. Notice that all
massless poles coming from the non-Abelian kinetic term have to be reproduced by sending
some of the Mandelstam variables to zero. The second point that should be made is that,
all external states in those two amplitudes satisfy the same on-shell and physical state
condition .
The method for finding those infinite numbers of couplings between two gauge fields
and two tachyons has been mentioned in [23, 60].
The massless poles in the amplitude of TTAA have been reproduced by the non-Abelian
kinetic term of the gauge fields and their Lagrangian is
L(A,A, T, T ) = (πα′)3STr
(
m2T 2FµνF
νµ + DαTDαTFµνF
νµ − 4F µαFαβDβTDµT
)
.
However, for the amplitude of TTφφ the massless poles are reproduced by the non-Abelian
kinetic term of the scalar fields and their Lagrangian appears in (35).
If we compare the above Lagrangian with (35) then we realize that they have some
differences in the the indices and coefficients. In order to replace F with Dφ and to observe
more details see section 5 of [6].
To avoid further details we just write down the results that we found using direct S-
Matrix computations.
Therefore by extracting symmetrized traces in terms of usual traces we were able to find
out the couplings between two tachyons and two covariant derivative of scalar fields on the
world volume of N coincident non-BPS D-branes, to all orders of α′ as the following:
L = −2Tp(πα′)(α′)2+n+m
∞∑
n,m=0
(Lnm1 + Lnm2 + Lnm3 + Lnm4 ), (43)
where
Lnm1 = m2Tr
(
an,m[Dnm(T 2DaφiDaφi) +Dnm(DaφiDaφiT 2)]
+ bn,m[D′nm(TDaφiTDaφi) +D′nm(DaφiTDaφiT )] + h.c.
)
,
Lnm2 = Tr
(
an,m[Dnm(DαTDαTDaφiDaφi) +Dnm(DaφiDaφiDαTDαT )]
+ bn,m[D′nm(DαTDaφiDαTDaφi) +D′nm(DaφiDαTDaφiDαT )] + h.c.
)
,
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Lnm3 = −Tr
(
an,m[Dnm(DβTDµTDµφiDβφi) +Dnm(DµφiDβφiDβTDµT )]
+ bn,m[D′nm(DβTDµφiDµTDβφi) +D′nm(DµφiDµTDβφiDβT )] + h.c.
)
,
Lnm4 = −Tr
(
an,m[Dnm(DβTDµTDβφiDµφi) +Dnm(DβφiDµφiDβTDµT )]
+ bn,m[D′nm(DβTDβφiDµTDµφi) +D′nm(DβφiDµTDµφiDβT )] + h.c.
)
,
If we did calculate the coupling of two on-shell tachyons and two on-shell scalar fields from
(43), one would be able to talk about all the interactions in the amplitude of two scalar
fields and two tachyons. The higher derivative operator Dnm and D′nm may be read as
Dnm(EFGH) ≡ Db1 · · ·DbmDa1 · · ·DanEFDa1 · · ·DanGDb1 · · ·DbmH,
D′nm(EFGH) ≡ Db1 · · ·DbmDa1 · · ·DanEDa1 · · ·DanFGDb1 · · ·DbmH. (44)
So (43) is the higher derivative correction of two scalar field and two tachyon couplings
of tachyonic action. One important evidence in confirming (43) is that by setting the co-
variant derivative of the scalar field and the second covariant derivative of tachyon to zero,
(43) goes back to the couplings (35). This definitely shows that when fields vary so slowly,
the non-Abelian tachyon DBI action is going to be the correct effective action for non-BPS
SD-branes.
One extremely important fact about the couplings in (43) is that they may have on-shell
ambiguity, which means that there is no difference between T and 2α′DaDaT because they
do have an identical effect. However, this ambiguity does not have any effect on the simple
massless and tachyon poles of the amplitude. In the case of massless poles it is sort of
an obvious thing because the tachyons are on-shell. In the case of tachyon poles we will
show that k2 +m2 terms cancelled by tachyon pole, and eventually one gets some contact
terms. Thus the difference is just an extra contact interaction. By doing an amplitude
where the couplings (43) would appear either in tachyon poles or contact terms, one will be
able to fix that ambiguity in (43). These couplings might appear in the tachyonic pole of
S-matrix elements of two tachyons, two scalar fields and one gauge field. It would be nice
to follow in detail this amplitude, in favor of those couplings. This amplitude does have a
long computation that we leave for future work [61].
In the next section we will show that an infinite number of the tachyon poles will
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result by taking the Wess-Zumino coupling Cp∧DT and by our proposed higher derivative
couplings of two scalar fields and two tachyons, which we discovered in (43).
6.1 Infinite number of tachyon poles for p + 1 = n case
As we promised in this section we are going to investigate that the infinite number of two
scalar field and two tachyon couplings in (43) will result in the infinite number of tachyon
poles of the string theory amplitude in the (s′+ t+u′)-channel. To do so, we must take the
following Feynman diagram where one RR in the world volume of non-BPS branes decays
to one tachyon and two scalar fields as follows :
A = V α(Cp, T )Gαβ(T )V β(T, T3, φ1, φ2), (45)
In order to proceed one needs the vertex of one RR p-form field and one off-shell tachyon
and tachyon propagator as
Gαβ(T ) =
iδαβ
(2πα′)Tp(−k2 −m2) ,
V α(Cp, T ) = 2iµ
′
pβ
′(2πα′)
1
(p+ 1)!
ǫa0···apHa0···apTr (Λ
α). (46)
Note that Tr (Λα) makes sense just for the Abelian gauge group. One also needs to find out
the vertex of one off-shell,one on-shell tachyon and two on-shell scalar fields. This vertex
must be obtained from (43). Regarding off-shell tachyon as the Abelian one, we get the
vertex of V β(T, T3, φ1, φ2) as follows
2iTp(πα
′)(α′)2+n+m(an,m + bn,m)Tr (λ1λ2λ3Λβ)
[
1
2
(ξ1.ξ2)(u+
1
4
)(s+
1
4
)
]
×
(
(k3 ·k1)n(k3 ·k2)m + (k3 ·k1)n(k1 ·k)m + (k ·k2)m(k ·k1)n + (k1 ·k)n(k3 ·k1)m
+(k3 ·k2)m(k2 ·k)n + (k ·k2)n(k1 ·k)m + (k3 ·k2)n(k1 ·k3)m + (k3 ·k2)n(k2 ·k)m
)
. (47)
In (47) k does indicate the off-shell tachyon’s momentum. Note that in order to obtain this
vertex we must consider both possible cases as the following :
Tr (λ3Λ
βλ1λ2), Tr (Λ
βλ3λ1λ2).
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Other cases have different coefficients, like Tr (λ2λ1λ3Λ
β), and should not be computed as
they made no contribution to the desired vertex. Because of the fact that we need some of
the coefficients an,m and bn,m , let us address some of them as [6, 60]
a0,0 = −π
2
6
, b0,0 = −π
2
12
, a1,0 = 2ζ(3), a0,1 = 0, b0,1 = −ζ(3), a1,1 = a0,2 = −7π4/90,
a2,2 = (−83π6 − 7560ζ(3)2)/945, b2,2 = −(23π6 − 15120ζ(3)2)/1890, a1,3 = −62π6/945,
a2,0 = −4π4/90, b1,1 = −π4/180, b0,2 = −π4/45, a0,4 = −31π6/945, a4,0 = −16π6/945,
a1,2 = a2,1 = 8ζ(5) + 4π
2ζ(3)/3, a0,3 = 0, a3,0 = 8ζ(5), b1,3 = −(12π6 − 7560ζ(3)2)/1890,
a3,1 = (−52π6 − 7560ζ(3)2)/945, b0,3 = −4ζ(5), b1,2 = −8ζ(5) + 2π2ζ(3)/3,
b0,4 = −16π6/1890. (48)
where bn,m should be symmetric.
The following relations must be pointed out.
k1 ·k = k2.k3 + (−k2 −m2)/2, k2 ·k = k1.k3 + (−k2 −m2)/2
Note that −k2−m2 in the vertex (47) will be removed with those common terms in the
propagator and will give rise to some contact interactions of one RR, two scalar fields and
one tachyon that we do not consider now. So for the moment we do over look them. In
fact, we will observe that finally one has to subtract them from the interaction terms that
concluded from the amplitude of one RR, two scalar fields and one tachyon. In the last
section once again we try to come back to those terms. Having neglected them, one gets
an infinite number of tachyon poles as :
−32iπα′2β ′µ′p
ǫi0···ipHi0···ip
(p+ 1)!(s′ + t + u′)
Tr (λ1λ2λ3)
∞∑
n,m=0
(
(an,m + bn,m)[s
′mu′n + s′nu′m]
×
[
(ξ1.ξ2)
1
2
u′s′
])
. (49)
In order to check these proposed infinite couplings (43), we are going to compare (49)
with the infinite number of the tachyon poles in string theory for several values of n,m.
Note that we have removed the common factors in both string and field theory sides.
First we set, n = m = 0, then (49) gives us a coefficient as :
− 8(a0,0 + b0,0) = −8(−π
2
6
+
−π2
12
) = 2π2
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On the other hand, we have a factor of (2π2c0,0) in (31). Comparing (2π
2c0,0) with the
factor of (2π2) in field theory one gets the consistent result. Let us proceed at first order
of α′, so (49) does include a factor as
− 4(a1,0 + a0,1 + b1,0 + b0,1)(s′ + u′) = 0
Equation (31) is also proportional to π2(c1,0 + c0,1)(s
′ + u′), which is indeed zero. At
second order or (α′)2, (49) does involve a coefficient as
−8(a1,1 + b1,1)s′u′ − 4(a0,2 + a2,0 + b0,2 + b2,0)[s′2 + u′2]
=
π4
3
(2s′u′) +
2π4
3
(s′2 + u′2)
Again (31) does have a factor π2[c1,1(2s
′u′) + (c2,0 + c0,2)(s′2 + u′2)], which is precisely
equivalent to string amplitude ( by making use of (25)). In order α′3, (49) has the following
coefficient
−4(a3,0 + a0,3 + b0,3 + b3,0)[s′3 + u′3]− 4(a1,2 + a2,1 + b1,2 + b2,1)[s′u′(s′ + u′)]
= −16π2ξ(3)s′u′(s′ + u′)
and in (31) we have the following factor π2[(c0,3 + c3,0)[s
′3 + u′3] + (c2,1 + c1,2)s′u′(s′ + u′)].
Finally at order (α′)4, (49) consists a factor of
−4(a4,0 + a0,4 + b0,4 + b4,0)(s′4 + u′4)− 4(a3,1 + a1,3 + b3,1 + b1,3)[s′u′(s′2 + u′2)]
−8(a2,2 + b2,2)s′2u′2 = 4π
6
15
(s′4 + u′4 + 2(s′3u′ + u′3s′) + 3s′2u′2)
and (31) shows the factor of π2[(c4,0+ c0,4)(s
′4+u′4)+ (c1,3+ c3,1)(s′3u′+u′3s′)+ 2c2,2s′2u′2]
which is surprisingly equal to the above factor making use of the coefficients in (25). One
might conclude that these comparisons can be easily extended4 to all orders of α′. Thus,
(49) precisely does reproduce the infinite number of tachyon poles of the string amplitude
of (31).
This shows that in addition to higher derivative couplings of two scalars and two
tachyons are being exact up to on-shell ambiguity, the momentum expansion of the ampli-
tude CφφT does agree with TTφφ’s momentum expansion .
4Similar computations for the amplitude of one RR and three massless open strings have been checked
in [6, 7, 8].
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7 p = n + 1 case
The trace in A2 amplitude can be done as follows
Tr
(
H/ (n)MpΓ
ba
)
= ±32
n!
ǫa0···ap−2baHa0···ap−2 ,
Taken into account this trace in A2, one gets the amplitude in string side as
AφφTC = ∓ 32i
(p− 1)!(µ
′
pβ
′π1/2)Tr (λ1λ2λ3)Ha0···ap−2ǫ
a0···ap−2ba
{
2k1ak2bξ1.ξ2L2
}
. (50)
As it is obvious from (50) the amplitude is antisymmetric with respect to two scalar
fields. It shows that the amplitude must have zero value just for the Abelian gauge. The
amplitude also does have an infinite number of massless poles in the t-channel and an
infinite number of contact interactions. First we produce all infinite numbers of massless
poles and then we come to all contact interactions. Now we want to make an important
comment. Because of some kinematic reason in our amplitude we do not have any tachyon
pole and this is unlike the scattering amplitude of two gauge fields, one RR and one tachyon
so we do not have any tachyon pole in field theory either.
7.1 Infinite number of massless poles and contact interactions for
p = n+ 1 case
Having replaced the expansion of L2 and the related trace into A2, one comes to an infinite
number of the massless poles in the t-channel as
AφφTC = ±32iµ
′
pβ
′π2
t(p− 1)! Tr (λ1λ2λ3)Ha0···ap−2ǫ
a0···apba
∞∑
n=−1
bn(u+ s+ 1/2)
n+1
×
[
2ξ1.ξ2k1ak2b
]
, (51)
There are also an infinite number of contact interactions for this case that we want to
consider later on. In field theory, these massless poles should be read off with this Feynman
diagram
A = V iα(Cp−2, T3, A)Gijαβ(A)V jβ (A, φ1, φ2), (52)
As observed from the expansion of the amplitude, there are an infinite number of higher
derivative couplings between one RR (p-2)-form field (Cp−2), one on-shell tachyon and one
off-shell gauge field where they are related to the higher derivative corrections of the WZ
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coupling Tr (Cp−2 ∧ F ∧ DT ). They have been found in [23]. Therefore the vertex of
V iα(Cp−2, T3, A) must be found from the higher derivative corrections of this WZ coupling
such that gauge field has to be off-shell. Thus the needed vertices and gauge field propagator
are given as
V iα(Cp−2, T3, A) = 2µ
′
pβ
′(2πα′)2
1
(p− 1)!ǫ
a0···ap−1iHa0···ap−2kap−1
∞∑
n=−1
bn(α
′k3 · k)n+1Tr (λ3Λα),
V jβ (A, φ1, φ2) = −iTp(2πα′)2ξ1.ξ2(k1 − k2)j [−Tr (λ1λ2Λβ) + Tr (λ2λ1Λβ)], (53)
Gijαβ(A) =
iδαβδ
ij
(2πα′)2Tp(t)
where the gauge field propagator must be found from its kinetic term, which is given in
(26). On the other hand, the vertex of V jβ (A, φ1, φ2) has been reduced from the scalar field’s
kinetic term λ
2
2
Tr (DaφiD
aφi). The other remark that should be made is that, in order to
produce the desired amplitude for 123 ordering we must keep just the first term in the vertex
of V jβ (A, φ1, φ2). As always k is the off-shell gauge field’s momentum. Regarding the point
that massless poles of amplitude have no higher derivative corrections, one may understand
that scalar field’s kinetic term does not involve correction so the vertex V jβ (A, φ1, φ2) does
not have a higher derivative correction either, because it has already been fixed in the DBI
action.
One replaces (53) into (52), to get
A = (2πα′)2 2µ
′
pβ
′
(p− 1)!tǫ
a0···ap−1jHa0···ap−2Tr (λ1λ2λ3)
∞∑
n=−1
bn
(
α′
2
)n+1
(s+ u+ 1/2)n+1
×
(
− 2(ξ1.ξ2)k2ap−1k1j
)
. (54)
which is precisely the infinite number of the t-channel massless poles of (51). As a com-
ment and unlike p = n− 1 case, here there should not be any residual contact interactions
in (54). Indeed we get this result after comparing all massless poles of field theory (54)
with the infinite number of massless poles in string side.
This does show that the momentum expansion of our amplitude CφφT is actually con-
sistent, even with the momentum expansion of CAT . Let us end this section by producing
all infinite numbers of contact terms for p = n + 1 case in field theory .
Having replaced L2 into the S-matrix in A2, one gets contact terms at all orders of α′
in string theory as
AφφTC = ∓ 32i
(p− 1)!(µ
′
pβ
′π2)Tr (λ1λ2λ3)Ha0···ap−2ǫ
a0···ap−2ba
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×
(
2k1ak2bξ1.ξ2
)( ∞∑
p,n,m=0
ep,n,mt
p(s′u′)n(s′ + u′)m
)
. (55)
These infinite numbers of contact terms in (55) can be reproduced by taking the following
gauge invariant couplings:
S1 = 2iλ
2β ′µ′p
∫
dp+1σ
1
(p− 2)!(ε
v)a0···ap
∞∑
p,n,m=0
ep,n,m (α
′)2n+m+1
(
α′
2
)p
×C(p−2)a0···ap−3(σ)Tr
(
Da1 · · ·Da2nDb1 · · ·DbmDap−2T
(DaDa)
pDb1 · · ·Dbm
[
Da1 · · ·DanDap−1φiDan+1 · · ·Da2nDapφi
])
. (56)
Here (εv) is the volume form which takes place in subspace parallel to the brane’s
world volume. Note that, to produce (55), one may be able to write down another higher
derivative gauge invariant couplings, to make a contribution to the contact terms of CφφT
amplitude. Thus (56) is in fact one special higher derivative gauge invariant coupling that
results all terms in (55).
So we get to an important remark. The leading order terms of our amplitude related to
Wess-Zumino couplings and naturally higher order terms must correspond to WZ couplings’
higher derivatives .
Therefore we learned that by analyzing massless poles we get useful information about
the higher derivative corrections of Tr (Cp−2 ∧ F ∧DT ). By studying contact interactions
we gain remarkable information on new coupling as Tr (Cp−2 ∧DT ∧Dφ ∧Dφ).
It is worth talking about some details related to WZ couplings. They can be derived
also with BSFT method. However as noted in [17] setting constant RR field reduces to
having no higher derivative correction to these WZ couplings.
Notice the point that we have already mentioned. Our derived couplings make sense in
the presence of pap
a → 1
4
. So the conclusion as a matter of fact is that we are not allowed
to compare our couplings with the constant RR field as a (pap
a = 0) result of the BSFT.
7.2 Contact terms
Doing in detail all an infinite number of tachyon and massless poles of string theory ampli-
tude (19), we are now ready to extract the rest of the contact terms of the amplitude. As
can be seen from the poles of the Gamma function, (−t− s′− u′)L1 has neither a massless
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pole nor a tachyon pole. We will show now this consistency with the WZ terms . By setting
n = p + 1 to all terms in A1 in equation (19) except the last term, the string scattering
amplitude takes the following form:
ACφφT1 =
32iπ3µ′pβ
′
(p+ 1)!
ξi1ξ
j
2
(
−pipj(H(p+1))a0···ap
+(p+ 1)k1a0pj(H
(p+1))ia1···ap + (p+ 1)k2a0pi(H
(p+1))ja1···ap
+p(p+ 1) k1a0k2a1(H
(p+1))ija2···ap
)
(εv)a0···ap
×
( ∞∑
n=0
cn(s
′ + t+ u′)n+1 +
∞∑
n,m=0
cn,m[(s
′)n(u′)m + (s′)m(u′)n]
+
∞∑
p,n,m=0
fp,n,m(s
′ + t + u′)p+1[(s′ + u′)n(s′u′)m]
)
, (57)
where H(p+1) = dC(p). In fact, by analyzing the CφφT amplitude, one understands that it
needs some interaction terms in which either must come from pullback or Taylor expansion
of one RR p-form field (C(p)). Due to not having any external gauge field here we just
replaced all covariant derivative of scalars and tachyon with their partial derivatives.
One may check that the leading contact terms in our amplitude can be reproduced by
considering the following field interactions:
S2 =
λ3β ′µ′p
2p!
∫
dp+1σ (εv)a0···ap
(
Tr(∂a0TΦ
iΦj) ∂i∂jC
(p)
a1···ap
+2pTr (∂a0T∂a1Φ
iΦj) ∂jC
(p)
ia2···ap
+ (p− 1)pTr (∂a0T∂a1Φi∂a2Φj)C(p)ija3···ap
)
, (58)
Applying integration by parts, these contributions (58) might be reconsidered as
S2 =
λ3β ′µ′p
2p!
∫
dp+1σ (εv)a0···ap
(
Tr(∂a0TΦ
iΦj) ∂jH
(p+1)
ia1···ap
+pTr (∂a0T∂a1Φ
iΦj)H
(p+1)
ija2···ap
)
, (59)
where for higher derivative corrections our notation is as follows:
(s′u′)mHTφφ = (α′)2mHDa1 · · ·Da2mT∂a1 · · ·∂amφ∂am+1 · · ·∂a2mφ,
(s′ + u′)nHTφφ = (α′)nHDa1 · · ·DanT∂a1 · · ·∂an(φφ),
(s′)nu′mHTφφ = (α′)n+mHDa1 · · ·DanDa1 · · ·DamT∂a1 · · ·∂anφ∂a1 · · ·∂amφ,
(s′ + t+ u′)p+1HTφφ = (
α′
2
)p+1H(DaD
a)p+1(Tφφ). (60)
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Now we write down the contact terms that are related to the last term of A1 in (19). Note
that it is not possible to have a massless scalar field as an off-shell state. Because if we
imagine there was a nonvanishing coupling between one scalar field and one RR (p+1)-form
field strength then the interaction in WZ action would be
λµ′p
∫
dp+1σ
1
(p+ 1)!
(εv)a0···ap Tr
(
Φi
)
H
(p+2)
ia0···ap(σ)
Therefore this off-shell scalar created by that interaction should be attached within an
interaction including two on-shell scalars and one on-shell tachyon. However, there are no
world-volume interactions between three scalars and one tachyon. The same thing happens
for the case of an off-shell gauge field because it will not have any coupling with the RR
(p+1)-form field. Thus the amplitude for n = p+1 does not involve any scalar/gauge pole.
Extracting the trace and keeping just the contact terms for the last term in A1 we end
up with the following terms
AcφφT1 =
16iπ3µ′pβ
′
(p+ 1)!
ξ1.ξ2
(
(H(p+1))a0···ap(ε
v)a0···ap
)( ∞∑
n=0
cn(s
′ + t+ u′)ns′u′
+
∞∑
p,n,m=0
fp,n,m(s
′ + t+ u′)p[(s′ + u′)n(s′u′)m+1]
)
, (61)
The above contact terms in this part of the amplitude are now a sort of new couplings
which can be produced by the following field interactions in field theory as well:
S3 =
iλ3β ′µ′p
4p!
∫
dp+1σ (εv)a0···ap
(
Tr(∂a0TΦ
iΦi)C
(p)
a1···ap
)
, (62)
Contact terms in the first line of (61) will be reproduced by taking the following couplings:
− λ3β ′µ′p
∞∑
n=0
cn
(
α′
2
)n
Cp ∧ (DaDa)n[DaDbDT (DaφiDbφi)], (63)
It becomes so clear from (63) that the nonleading order terms do correspond to the higher
derivative corrections of (62). Indeed it looks like the coupling which we found in non-BPS
formalism Cp ∧DT T 2. The contact terms in the second line of (61) might correspond to a
coupling such as
−λ3β ′µ′p
∞∑
p,n,m=0
fp,n,m(α
′)2m+n
(
α′
2
)p
Hp+1(DaD
a)p (64)
[
DaDbD
a1 · · ·DanDb1 · · ·Db2mTDa1 · · ·Dan(DaDb1 · · ·DbmφiDbDbm+1 · · ·Db2mφi)
]
.
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These new interactions in field theory are completely consistent with the string theory
amplitude of one RR p- form field, two scalar fields and one tachyon. Therefore, it shows
up that perturbative string theory is a strong tool to discover new couplings in field theory
side.
Eventually let us come back to the contact interaction terms that amplitude (45) have
resulted. Applying some identities, we write down all contact interactions as:
32iπβ ′µ′p
ǫa0···apHa0···ap
(p+ 1)!
[
(ξ1.ξ2)
1
2
u′s′
] ∞∑
n,m=0
(an,m + bn,m)(−α′k2 − α′m2)l−1
[(
4
m∑
l=1
(
m
l
)
(s′m−lu′n + u′m−ls′n) + 4
n∑
l=1
(
n
l
)
(s′n−lu′m + u′n−ls′m)
)
+
n,m∑
l=1,j=1
(
n
l
)(
m
j
)
(s′n−lu′m−j + u′n−ls′m−j)(−α′k2 − α′m2)j

Tr (λ1λ2λ3)
Notice that these interactions could be reconsidered in the following form:
32iπβ ′µ′p
ǫa0···apHa0···ap
(p+ 1)!
[
(ξ1.ξ2)
1
2
u′s′
]
Tr (λ1λ2λ3)
∞∑
p,n,m=0
f ′p,n,m(s
′ + t+ u′)p(s′ + u′)n(s′u′)m,(65)
One may be able to write f ′p,n,m in terms of an,m and bn,m. One has to consider the fact
that the last contact terms in (23) have the same structure as those terms appeared in (65).
Thus the coefficients fp,n,m in (64) must be substituted with
fp,n,m → fp,n,m − f ′p,n,m
Therefore the higher derivative theory will exactly give rise to the string theory amplitude.
7.3 Contact terms for n = p + 3
For this case which includes a RR (p+2)-form field , one gets the fact that exchanging
a massless gauge/scalar is not allowed. In particular, the (p+2)-form potential has one
rank more than RR (p+1)-form potential to result in a desired interaction in world volume
space. Thus for this case we might expect that our amplitude does not involve any mass-
less/tachyon poles. Thus the leading terms of the amplitude are in fact just contact terms
that we want to identify now. The infinite number of contact terms in string amplitude is
given as
A3 =
32iπ2µ′pβ
′
(p+ 3)!
(H(p+3))ija0···apξ1iξ2j(ε
v)a0···ap
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×
( ∞∑
n=−1
bn(u
′ + s′)n+1 +
∞∑
p,n,m=0
ep,n,mt
p+1(s′u′)n(s′ + u′)m
)
. (66)
In order to reproduce all terms in (66) we begin with the WZ action. The minimal
interaction for this case does include a RR (p+2)-form field in the bulk, two scalars within
commutator and one on-shell tachyon. Thus the interaction that does include the RR
(p+2)-form potential is
S4 =
(2πα′)λβ ′µ′p
p!
∫
dp+1σ (εv)a0···ap
(
Tr(∂a0T [Φ
i,Φj ])
)
C
(p+2)
jia1···ap , (67)
so by extracting commutator we get the following leading nonvanishing coupling which is
confirmed by direct S-matrix computations as follows:
S4 =
(2πα′)2λβ ′µ′p
p!
∫
dp+1σ (εv)a0···ap
(
Tr(∂a0TΦ
iΦj)
)
C
(p+2)
jia1···ap , (68)
where for higher derivative corrections our notation is as follows:
(t)pHTφφ = (
α′
2
)pHT (DaD
a)p(φφ). (69)
So we have produced the higher derivative theory with the string theory amplitude of
CφφT . It is now fair to say that we have shown the complete consistency of one tachyon,
two scalars and one closed string RR around (22) with all its higher derivative couplings in
field theory.
This ends our goal which was to show complete consistency between string theory scat-
tering amplitudes for different values of p, n and making use of symmetrized trace tachyon
DBI action.
8 Concluding remarks
As it is seen for the simple tachyon poles, the coupling of Tr (Cp ∧ DT ) does not get any
correction. Therefore by studying nonleading tachyon poles one can find information about
the higher derivative corrections to the coupling of two scalar fields and two tachyons where
we found them up to all orders of α′ in (43). This is worth mentioning that contact terms
of the string amplitude already include information about the higher derivative corrections
to Tr (Cp−2 ∧ DT ∧ Dφi ∧ Dφi), Tr (Cp ∧ DTφiφi) and Tr (∂a0T [Φi,Φj])C(p+2)jia1···ap(εv)a0···ap.
Note that here we obtained a new coupling between the commutator of scalar fields with
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covariant derivative of tachyon and one RR. It is an interesting issue to study the scattering
amplitude between one RR, one tachyon, one gauge field and one scalar field in the world
volume of non-BPS branes to get more information on WZ couplings. It would be also
nice to follow this amplitude in order to get all the information needed about the higher
derivative corrections of this amplitude to WZ and tachyonic actions [61].
8.1 Discussion
We have done the S-matrix elements of CTφφ in the world volume of a single non-BPS
SD-brane. Having set the on-shell conditions, we believe that CTφφ amplitude makes sense
just in the presence of a single non-BPS SD-brane. Applying its momentum expansion, we
were able to show the consistency of the leading order terms of the expansion with the WZ
couplings of a single non-BPS SD-brane. The non-leading terms have been extracted with
the help of some higher derivative corrections of the WZ couplings. In fact, they have been
produced with the equations (56), (59), (60) , (63) and (64).
The amplitude of CφφT consists of two parts. The first part does include a RR p-form
(Cp) with an infinite number of tachyon poles and many contact interaction terms. The
contact interactions give rise to a new coupling of the form Tr (Cp∧DTφiφi) and give some
higher derivative corrections to this coupling. They are in precise agreement with S-matrix
elements of this amplitude for p+ 1 = n case. To reproduce an infinite number of tachyon
poles, one has to find two tachyon and two scalar field couplings to all orders of α′ where
we were able to find them in (43) with direct S-matrix computations. We could confirm
and check them with tachyon poles in our S-matrix computations.
Note also that comparing an infinite number of field theory tachyon poles with the
infinite poles of string theory gave rise to some residual contact interactions. Due to having
the same structure for these contact interactions as those that appeared in the second line
of (23), we should be able to modify the coefficients fp,n,m in (64). Therefore one must
substitute fp,n,m − f ′p,n,m instead of fp,n,m in (64).
The second part does contain a RR (p-2)-form field (Cp−2) with an infinite number of
massless poles and many contact terms. All massless poles must be reproduced by the
higher derivative couplings of one RR (p − 2)-form field, one Abelian field strength and
covariant derivative of the tachyon or in the other words with the coupling of Tr (Cp−2 ∧
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DT ∧ F ) and by making use of kinetic term of scalar fields. One may point out that in
this part of the amplitude we have to use the commutator of the scalar and gauge field
as well. In order to reproduce contact terms of CφφT for p = n + 1 case, the coupling
of Tr (Cp−2 ∧ DT ∧ Dφi ∧ Dφi) and its higher derivative corrections must be taken into
account. We have also fixed the coefficient of this coupling.
In the present paper, making use of direct string computations, we have confirmed the
existence of the commutator of scalars [Φi,Φj] which could come from either the exponential
inside of the WZ action, or the expansion of the det(Q) in the non-Abelian DBI action,
where for this amplitude they come from the exponential within the WZ action.
Indeed to produce all infinite numbers of massless poles of the amplitude for p = n+ 1
case we had to use commutator of guage and scalar in order to have the vertex of two
on-shell scalars and one off-shell gauge field where the contribution is coming from the
commutator in the definition of DaΦ
i .
It is really important to highlight the point that we could find out a very interesting
coupling between the commutator of two scalar fields and the partial derivative of the
tachyon and one RR as the following:
S4 =
(2πα′)λβ ′µ′p
p!
∫
dp+1σ (εv)a0···ap
(
Tr(∂a0T [Φ
i,Φj ])
)
C
(p+2)
jia1···ap ,
Of course in this amplitude we just had one external tachyon and two scalars and one
RR, that is why we drop the commutator between tachyon and gauge field in the above
coupling in the definition of DT and just considered the partial derivative of tachyon. We
may suppose that in the above coupling perhaps there should be a covariant derivative of
the tachyon instead of its partial derivative. It would be nice to confirm this coupling by
doing a six-point function CTAφφ, which we leave it for future work [27].
One more remarkable thing is that these potential interactions do depend strongly on
the field strength of the RR. Thus the gauge invariance for the RR must be held as well.
However, as it is clear from the Wess-Zumino action (3), all interaction terms were written
in terms of RR potentials or just C terms so one might realize that the RR gauge invariance
has not been satisfied any more. However, for the interactions appeared in this paper, we
were able to show that both representations for RR couplings do agree and the difference
between them is some total derivative terms.
Another important comment should be made is as follows. Having taken integration by
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parts we arrive at some complicated couplings between terms which indeed have different
notions. For example the terms coming from the interior product inside WZ action or
the terms coming from the Taylor expansion or the the terms coming from pullback are
completely mixed in applying the expansion of the Wess-Zumino action.
It is shown that the expansion of the amplitude of one RR, one tachyon and two scalar
fields CφφT around (22) does belong to the higher derivative correction of the Wess-Zumino
terms. Therefore we truly believe that (22) is a unique momentum expansion of four-point
functions including one RR in the bulk (C), one tachyon (T ) and either two scalar fields
(φφ) or two gauge fields (AA). Notice that the leading order term in the amplitude does
correspond to the mentioned effective actions and all nonleading terms of the amplitude
are consistent with the higher derivative corrections of the effective actions. On general
grounds we realize that this expansion also holds for CTAφ amplitude [27].
Let us compare (22) with the momentum expansion of the S-matrix elements including
three massless open strings [6, 7, 8] and one RR closed string. Momentum expansion for
these cases has been found [6], which is α′ki · kj → 0. In fact it is equal to α′(ki+ kj)2 → 0.
While, if we include tachyon to the amplitude then we can conclude that the expansion
around α′ki · kj → 0 for the tachyon for sure is not the same as α′(ki + kj)2 → 0.
One important facet of these couplings is that they do include on-shell ambiguity. To
resolve it, one has to compare it with some off-shell interactions which already appeared
in BSFT formalism. It was seen in [17] that the WZ couplings are being exact once one
considers the RR field as a constant field. Therefore, we have to write all interactions in the
momentum space in terms of the Mandelstam variables such that now they will be written
in terms of Ramond-Ramond’s momentum. The Mandelstam variables for the amplitude
of CTφφ must be sent to t → 0, s → −1/4 and u → −1/4. Now, one may be able to
reconsider them as (p2 + 2k1 · p)→ 0, (p2 + 2k2 · p)→ 0 and (p2 + 2k3 · p)→ −14 . Applying
a constant RR field for these forms of the couplings one immediately concludes that there
are no contributions for all higher derivative corrections.
However, once more remember that for non-BPS SD-branes, those couplings make sense
just in the appearance of an extra assumption which is pap
a → 1/4. Thus we are not allowed
to compare our higher derivative couplings with the interactions coming from BSFT.
Note that the couplings TTφφ in (43) might have on-shell ambiguity which means that
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by replacing m2T with DDT tachyon poles will not change but rather would produce some
more additional contact interactions. Thus by performing the amplitude of two tachyons,
two scalar fields and one gauge field in which couplings (43) would appear in tachyon poles
and in contact interactions of this amplitude, we might solve all those ambiguities. It would
be interesting to carry out this rather long but straightforward computation [61].
Let us address some more unsolved problems, where one of them has been already
addressed in [22].
Therefore an interesting amplitude to solve in favor of symmetrized trace is the scat-
tering amplitude of CTTTT . In order to investigate whether symmetric trace works for
tachyon DBI action or ordinary trace, one must study in detail the S-matrix element of one
closed string Ramond-Ramond and four tachyons in the system of brane-antibrane in which
the infinite number of the simple tachyon poles have to result in the following Feynman
diagram
A = V α(CP−1, T, T )Gαβ(T )V β(T, T, T, T )
This amplitude will solve this apparent ambiguity for the tachyon action. In favor of
applying symmetric trace it is really a good test to follow this computation within detail.
As we have already observed extracting the higher order contact interactions is really
extremely tedious. We have made some progress in finding full consistency of the scattering
amplitudes including one closed string RR, one tachyon and two scalar fields in the world
volume of a single non-BPS SD-brane. It is evident from other investigations that commu-
tator terms play the key role at higher orders. It would be nice to check the details of some
six-point functions in order to remove some ambiguities [62].
Symmetrized trace was informed in [63] to describe low energy gauge theory with some
simple background fields. It was shown that this kind of trace prescription does need
corrections at sixth order in gauge field’s field strength [64]. In non-Abelian gauge theory
these problems have been addressed in terms of the ambiguity between interchanging field
strengths and covariant derivatives . One imagines that the commutators of field strengths
might be redefined in terms of their covariant derivatives. Thus it would be interesting
to discover within detail some six point functions to find interactions including some high
derivatives of the gauge field’s field strengths[62]. Some progresses have been made [65],
also through applying ideas of non commutative field theory some investigations had been
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done [66].
Let us address the final point. In order to get more information in finding higher derivative
corrections for both tachyonic DBI and Wess-Zumino effective actions it is really a very
nice issue to pursue the amplitude of one closed string RR field, one gauge field, one scalar
field and one tachyon in the world volume of non-BPS branes [61].
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9 Appendices
A Appendix A : Doubling trick, some useful correla-
tion functions
In order to deal with standard holomorphic conformal field theory propagators on the
boundary of world sheet we might use the doubling trick. Having taken this trick, the
world-sheet fields should be extended to the whole complex plane. Thus we must consider
the following change of variables
X˜µ(z¯)→ DµνXν(z¯) , ψ˜µ(z¯)→ Dµνψν(z¯) , φ˜(z¯)→ φ(z¯) , and S˜α(z¯)→ MαβSβ(z¯) ,
Notice that in the last relation left-moving spin operator gets replaced with the product
of the constant M matrix and complex spin operator. The definitions of D and M matrix
are :
D =
( −19−p 0
0 1p+1
)
and Mp =
{ ±i
(p+1)!
γa1γa2 . . . γap+1ǫa1...ap+1 for p even
±1
(p+1)!
γa1γa2 . . . γap+1γ11ǫa1...ap+1 for p odd
Now we are allowed to use just the holomorphic correlators for all fields Xµ, ψµ, φ as
〈Xµ(z)Xν(w)〉 = −ηµν log(z − w),
〈ψµ(z)ψν(w)〉 = −ηµν(z − w)−1 ,
〈φ(z)φ(w)〉 = − log(z − w). ( 1)
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The Wick-like rule [21, 55] and [67] has been used to find out the correlation function
between two spin operators and several fermion fields such that
〈ψµ1(x1)...ψµn(xn)Sα(z)Sβ(z¯)〉 = 1
2n/2
(z − z¯)n/2−5/4
|x1 − z|...|xn − z|
[
(Γµn...µ1C−1)αβ
+〈〈ψµ1(x1)ψµ2(x2)〉〉(Γµn...µ3C−1)αβ ± perms
+〈〈ψµ1(x1)ψµ2(x2)〉〉〈〈ψµ3(x3)ψµ4(x4)〉〉(Γµn...µ5C−1)αβ
±perms + · · ·] , ( 2)
Note that the summation on all possible contractions must be assumed. Γµn...µ1 has to be
a total antisymmetric matrix in terms of the gamma matrices. The Wick-like contraction
is expressed as
〈〈ψµ(x1)ψν(x2)〉〉 = ηµν (x1 − z)(x2 − z¯) + (x2 − z)(x1 − z¯)
(x1 − x2)(z − z¯)
= 2ηµν
Re[(x1 − z)(x2 − z¯)]
(x1 − x2)(z − z¯) , ( 3)
Notice the fact that x1, x2 must be real. Applying ( 2) we can easily get the correlation
function between two spin operators and one fermion field as
Ic5 = <: Sα(x4) : Sβ(x5) : ψ
c(x3) :>= 2
−1/2x−3/445 (x34x35)
−1/2(γcC−1)αβ. ( 4)
where Γµν = (γµγν−γνγµ)/2 and we have defined x4 ≡ z = x+iy , x5 ≡ z¯ and xij = xi−xj .
Truly we were able to extend the Wick-like rule such that the correlation function of
two spin operators and a number of mixed fermions and currents can be achieved [6, 23],
provided the fact that one must remove Wick-like rule for two fermion fields ψs in one
current. Considering this point, we found consistent results in the absence and presence of
current as follows
<: Sα(x4) : Sβ(x5) :> = x
−5/4
45 C
−1
αβ , ( 5)
<: Sα(x4) : Sβ(x5) : ψ
eψf (x1) :> = −1
2
x
−1/4
45 x
−1
14 x
−1
15 (Γ
efC−1)αβ .
In the second formula of ( 5), we just removed Wick-like rule between two fermions in
x1 place and got consistent results .
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B Appendix B: Some useful integrals for five-point
functions
To get some ideas let us mention the method that we have solved the integrals for five-point
functions. We have gauge fixed by fixing the position of three open string operators and
we are left with double integrals on z, z¯. They are related to the RR closed string. Thus
after gauge fixing we get the following double integrals:
I =
∫
H+
d2z|1− z|a|z|b(z − z¯)c(z + z¯)d,
where d = 0, 1, 2 and a, b, c should be computed in terms of the Mandelstam variables.
Since we are talking about disk level amplitude the integrations must be done on upper
half plane. The necessary conditions for these integrals must be taken into account as
a + b+ c ≤ −2
a+ b+ d ≤ −2
To remove integrals on x, y we may use the following definitions
|z|b = 1
Γ(− b
2
)
∫ ∞
0
du u−
b
2
−1e−u|z|
2
,
|1− z|a = 1
Γ(−a
2
)
∫ ∞
0
ds s−
a
2
−1e−s|1−z|
2
.
where z = x+ iy
Iy =
∫ ∞
0
dy yce−(s+u)y
2
=
Γ(1+c
2
)
2(s+ u)
1+c
2
,
F (λ) =
∫ ∞
−∞
dxe−(s+u)x
2+2λx =
√
π
s+ u
e
λ2
s+u .
Here we rewrite down the integration on x
Ix = 2
d
∫ ∞
−∞
dx xde−se−(s+u)x
2+2sx = 2de−s
∫ ∞
−∞
dx xde−(s+u)(x−
s
s+u
)2+ s
2
s+u . ( 6)
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so after all the integration on x will be appeared as
Ix = 2
de−
us
s+u
∫ ∞
−∞
dx xde−(s+u)(x−
s
s+u
)2 = e−s
d
ddλ
F (λ)|λ=s. ( 7)
d = n, n ∈ Z,
Ix = 2
de−
us
s+u
√
π
(s+ u)
1
2
{
1 , d = 0
s
(s+u)
, d = 1
For simplicity we just do the integration for d = 0 and finally we show our results for
d = 1, 2. So for d = 0 after replacing those steps mentioned above and doing the integrals
over x, y, collecting them and replacing in the general integration on I, we will have
I =
√
π(2i)c+120Γ(1+c
2
)
2Γ(−a
2
)Γ(−b
2
)
∫ ∞
0
∫ ∞
0
dsdu
(s+ u)1+c/2
u−b/2−1s−a/2−1e−
us
s+u , ( 8)
We might use the following change of variables
s =
x
t
, u =
x
1− t , dsdu = Jdxdt =
xdxdt
(t(1− t))2
Replacing the change of variables in the Jacobian, we find
I =
π1/2(2i)c+1Γ(1+c
2
)
2Γ(−a
2
)Γ(−b
2
)
∫ ∞
0
dxe−xx
−4−(a+b+c)
2
∫ 1
0
dtt(c+a)/2(1− t)(c+b)/2, ( 9)
I = (2ı)c π
Γ(1 + b+c
2
)Γ(1 + a+c
2
)Γ(−1− a+b+c
2
)Γ(1+c
2
)
Γ(−a
2
)Γ(− b
2
)Γ(2 + c+ a+b
2
)
.
The following relations have been used
∫ 1
0
dxxβ−1(1− x)α−1 = Γ(α)Γ(β)
Γ(α + β)
, Γ(z) = (z − 1)!,
Eventually we obtain the result for d = 1 as
I = (2ı)c2 π
Γ(2 + b+c
2
)Γ(1 + a+c
2
)Γ(−1− a+b+c
2
)Γ(1+c
2
)
Γ(−a
2
)Γ(− b
2
)Γ(3 + c+ a+b
2
)
,
Therefore one can write them down in a closed form as
∫
d2z|1 − z|a|z|b(z − z¯)c(z + z¯)d= (2i)c2d πΓ(1 + d+
b+c
2
)Γ(1 + a+c
2
)Γ(−1− a+b+c
2
)Γ(1+c
2
)
Γ(−a
2
)Γ(− b
2
)Γ(2 + c+ d+ a+b
2
)
.
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The above result is valid For d = 0, 1 [68]. Applying the same method for d = 2, one sets
[23]
∫
d2z|1− z|a|z|b(z − z¯)c(z + z¯)d= (2i)c2d π J1 + J2
Γ(−a
2
)Γ(− b
2
)Γ(d+ 2 + c+ a+b
2
)
. ( 10)
where
J1 =
1
2
Γ(d+
b+ c
2
)Γ(d+
a+ c
2
)Γ(−d− a+ b+ c
2
)Γ(
1 + c
2
)
J2 = Γ(d+ 1 +
b+ c
2
)Γ(1 +
a+ c
2
)Γ(−1− a+ b+ c
2
)Γ(
1 + c
2
).
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